Abstract. We show that the UCT problem for separable, nuclear C * -algebras relies only on whether the UCT holds for crossed products of certain finite cyclic group actions on the Razak-Jacelon algebra. This observation is analogous to and in fact recovers a characterization of the UCT problem in terms of finite group actions on the Cuntz algebra O2 established in previous work by the authors. Although based on a similar approach, the new conceptual ingredients in the finite context are the recent advances in the classification of stably projectionless C * -algebras, as well as a known characterization of the UCT problem in terms of certain tracially AF C * -algebras due to Dadarlat.
Introduction
A separable C * -algebra A is said to satisfy Rosenberg-Schochet's universal coefficient theorem (UCT) if for every separable C*-algebra A ′ , the following sequence is exact Ext(K * (A), K * −1 (A ′ ))
where the right hand map is the natural one and the left hand map is supposed to be the inverse of a map that is always defined; see [34] . A separable C * -algebra satisfies the UCT if and only if it is KK-equivalent to a commutative C * -algebra. Furthermore, the class of separable, nuclear C * -algebras satisfying the UCT can be characterized as the smallest class of separable, nuclear C * -algebras that contains C and is closed under countable inductive limits, the two out of three property for extensions, and KKequivalences; see [5] . Whereas Skandalis [37] has shown that there exist nonexamples within the class of separable, exact, non-nuclear C * -algebras, it is still open whether all separable, nuclear C * -algebras satisfy the UCT. This arguably constitutes the most important open question about separable, nuclear C * -algebras and is commonly referred to as the UCT problem. Due to the recent dramatic progress in the structure and classification theory of simple, nuclear C * -algebras achieved by many hands -see among others [24, 25, 14, 10, 40] -the UCT problem is receiving an increasing amount of attention. Over the years, different characterizations and reductions of the UCT problem have emerged. Kirchberg proved in [19] (and later [20] in published form) that every separable, nuclear C * -algebra is KK-equivalent to some unital Kirchberg algebra, thus localizing the problem at the class of unital Kirchberg algebras. In fact, he showed that it is sufficient to only consider those Kirchberg algebras with vanishing K-theory, which by the KirchbergPhillips classification theory [19, 28] then asks whether such C * -algebras must be isomorphic to the Cuntz algebra O 2 ; see [7, 8] . Furthermore, by using either the work of Spielberg [38] or combining results of Katsura [18] and Yeend [41, 42] , one sees that UCT Kirchberg algebras have specific groupoid models. These in turn give rise to Cartan subalgebras in the sense of Renault [30] . Conversely, it was recently recently shown in [1] that any separable, nuclear C * -algebra with a Cartan subalgebra satisfies the UCT. As a consequence, the UCT problem turns out to be equivalent to the question whether every unital Kirchberg algebra has a Cartan subalgebra. Using Kirchberg's aforementioned insight, the authors reduced the UCT problem in [4] to crossed products of O 2 by certain actions of finite cyclic groups. In addition to Kirchberg's previously known reduction theorem, the other two crucial ingredients of the proof were the Kirchberg-Phillips O 2 -absorption theorem [21] and the existence of certain model actions of Z p on O 2 for any prime number p. The feature of any of these models is that the associated crossed product has, in a sense, the smallest possible non-trivial K-theory, namely that given by the (p − 1)-fold direct sum of M p ∞ ; see also [15, 16] 1 . The crossed product viewpoint has recently been taken up in [1, 2] to characterize the UCT problem in terms of the existence of invariant Cartan subalgebras for certain finite order automorphisms of O 2 . We would also like to remark that in a similar fashion as for finite cyclic groups, a variant of the proof of [5, 23.15.12] shows that the UCT problem can be reduced to crossed products of O 2 by certain actions of the circle group T as well.
Building on Lin's classification of tracially AF C * -algebras [22, 23] , Dadarlat achieved in [9] a reduction of the UCT problem to stably finite, nuclear C * -algebras, which is similar in spirit to Kirchberg's reduction theorem. He showed that the UCT problem has an affirmative answer if and only if the universal UHF algebra is the only separable, unital, simple, nuclear, tracially AF C * -algebra whose ordered K-theory is isomorphic to (Q, 0). As such C * -algebras are automatically monotracial, this in particular reduces the UCT problem to the class of separable, unital, simple, nuclear C * -algebras with a unique tracial state. Due to work of Sato-White-Winter [36] and the recent classification of KK-contractible C * -algebras with finite nuclear dimension [11] , one may obtain a monotracial 2 analog of the Kirchberg-Phillips absorption theorem with the Razak-Jacelon algebra W in place of O 2 ; see [29, 17] and Theorem 2.2.
1 In these references, one sees that the possible K-groups for crossed products of O2 by approximately representable Zp-actions are precisely the modules over the ring Z[ 1 /p, e 2πi/p ]. The additive group of this ring is in turn isomorphic to
Although we will not need it, we point out that using more advanced results around the Toms-Winter conjecture like [6] yields more general tracial versions in the same fashion.
In this short note, we reduce the UCT problem to crossed products of W by certain actions of finite cyclic groups. Similarly as in [4] , we construct a model action of Z p on W for each prime number p such that the crossed product is in Robert's classifiable class [31] , and which is moreover monotracial and KK-equivalent to the (p − 1)-fold direct sum of the UHF algebra M p ∞ . The action itself arises as the dual action of another action constructed similarly as in [4, Example 4 .12], which we will carry out in detail for the reader's convenience. Once the model action is taken care of, our main result (Theorem 2.3) is then proved using the aforementioned Wabsorption theorem for monotracial C * -algebras and Dadarlat's reduction theorem from [9] . Near the end of the paper, we will argue why our previous characterization of the UCT problem in terms of crossed products of O 2 can be directly recovered from the main result of this note, thus showing that we achieve a reduction that is a priori stronger. It remains open whether the UCT problem can be further characterized in terms of the existence of certain Cartan subalgebras in W, akin to a similar phenomenon studied in [1, 2] for O 2 . This direction of research may be the subject of subsequent work.
The model actions
Throughout the paper, we will assume familiarity with K-theory and Kasparov's bivariant KK-theory; see [5] for an introduction. For standard references treating the Rokhlin property for finite group actions, see [15, 16, 26, 35, 12] . Definition 1.1. Let G be a finite group and A a separable C * -algebra. An action α : G A is said to have the Rokhlin property, if there exists an approximately central sequence e n ∈ A of positive contractions satisfying
Remark 1.2. Let A be a finite C * -algebra, which has at least one tracial state but no unbounded traces. Recall that an automorphism α on A is called strongly outer, if it is outer, and for every α-invariant tracial state τ on A, the induced automorphism of α on the von Neumann algebra π τ (A) ′′ is outer. We will call an action α : G A of a discrete group strongly outer, if α g is a strongly outer automorphism for all g = 1 G . Actions with the Rokhlin property are particular examples of strongly outer actions. Definition 1.3. Let G be a finite abelian group and A a separable C * -algebra. An action α : G A is said to be approximately representable, if there exist sequences of contractions x g,n ∈ A α in the fixed point algebra, for g ∈ G, such that the following properties hold for all g, h ∈ G and a ∈ A:
For what follows, we call Robert's class C R the class of separable C * -algebras that are stably isomorphic to inductive limits of 1-NCCW complexes with trivial K 1 -groups on the level of building blocks. We will make use of Robert's paper [31] where a classification theory for C * -algebras in C R is developed in terms of the functor Cu ∼ defined there. If one restrict to the simple C * -algebras A in C R , then it is shown in [31, Section 6] 
Let us denote by C 0 R the simple, stably projectionless C * -algebras in Robert's class with trivial pairing between the K 0 -group and the traces.
In more recent work [13] by Gong-Lin, specific models for simple, stably projectionless C * -algebras with trivial pairing maps are constructed. In particular, one sees that for every pair (G 0 , T ) of a torsion-free abelian group G 0 and Choquet simplex T , there exists a C * -algebra A ∈ C 0 R with continuous scale and
Moreover, it follows from Robert's aforementioned results that for every A ∈ C 0 R , and every group endomorphism κ on K 0 (A), there exists a tracepreserving endomorphism β on A with K 0 (β) = κ, and β is unique up to approximate unitary equivalence. By the usual Elliott intertwining method [32, Corollary 2.3.4], β may be chosen to be an automorphism if κ is an automorphism. We will use this fact in the proof of the proposition below:
The reader should now recall the Razak-Jacelon algebra W from [29, 17] . 
Using the above Remark 1.4, we choose a C * -algebra B ∈ C 0 R with a unique tracial state, no unbounded traces, and
Since B satisfies the UCT, it follows that B ∼ KK M ⊕p−1 p ∞ , as the K-groups of these C * -algebras are isomorphic; see [34] .
As p is prime, we note that the K 0 -group is in fact isomorphic to the additive group of the ring Z[ 1 /p, ξ p ], where ξ p = e 2πi /p . Then there exists an automorphism β on B such that, under this identification, one has
Similarly as in [4] 4 , we will now reconstruct B as a new inductive limit that will allow us to replace β by a Z p -action having the same invariant. Consider B n = M p n−1 ⊗ B and β n = id M p n−1 ⊗β for n ≥ 1.
3 The continuous scale assumption can be avoided if one replaces the Choquet simplex by a topological cone with a suitable scale. However we do not need this level of generality for our applications. 4 The reference [26, Section 5] may be more appropriate for p = 2.
From now on, we will use the index set Z p for the canonical matrix units in M p , and identify X ⊕p ∼ = X ⊕Zp for any X being either a C * -algebra or a group. We will also denote β j n = β j n for all n, all j ∈ Z p and j ∈ {0, . . . , p − 1} with j = j + pZ.
We then define
Since this is just a combination of diagonal embeddings using compositions of β n , we may describe this inductive limit on the level of K-theory by the following commutative diagram
where ϕ is given by multiplication with the p × p-matrix
As the K-groups are uniquely p-divisible, using the simple relation Ξ 2 p = p · Ξ p for this matrix yields that the inductive limit of the K-groups is isomorphic to the cokernel of ϕ, which is easily seen to be isomorphic to
Now the limit is clearly separable, stably projectionless and is in Robert's class C R . As the connecting maps Φ n are clearly non-degenerate, full, and trace-collapsing, it follows that the inductive limit
is simple and has a unique tracial state, no unbounded traces and (thus automatically) a trivial pairing map. As its K-theory is isomorphic to that of B, there exists an isomorphism B ∼ = B. We will henceforth use this identification without much further mention.
This allows us to construct an inductive limit action α : Z p B ∼ = B arising on each building block from the action α (n) : Z p B ⊕p n given by
From the definition of the connecting maps, the formula
is evident for all n and j ∈ Z p . In particular, α is well-defined.
Moreover, the standard identification
⊕p on the level of abelian groups. Using the above diagrams, this allows us to see that
From the construction of α, it is clear that it has the Rokhlin property. In fact on every building block, one has a canonical equivariant embedding from C(Z p ) equipped with the shift into the center of M(B ⊕p n ), and so α has the Rokhlin property arising as an equivariant inductive limit of Rokhlin actions. Applying [35, Theorem 3] , we deduce that B ⋊ α Z p is a C * -algebra in the class C 0 R . It clearly has a unique and bounded trace, and is Morita equivalent to the fixed point algebra B α , whose K-theory is naturally isomorphic to
In summary, we deduce that B⋊ α Z p ∼ = W. We obtain the action γ : Z p W as the dual γ =α under this identification, which has the desired property by Takai duality [39] . As α has the Rokhlin property, γ will be approximately representable by [26, Proposition 4.4] ; in fact locally B-representable by [4, Theorem 3.4] . It is also strongly outer as the crossed product, which is isomorphic to B, has a unique trace. This finishes the proof. Remark 1.6. We note that most of the above proof of Proposition 1.5 is given in detail only in order for this note to be more self-contained. In fact, right after choosing β ∈ Aut(B) near the beginning of the proof, one can deduce from Remark 1.4 that β defines a Z p -action up to approximate unitary equivalence. Due to classification, one has B ∼ = B ⊗ M p ∞ as the K-groups of B are uniquely p-divisible. Applying the much more general existence result [4, Theorem 2.3] would then immediately give the Rokhlin action α : Z p B with α 1 ≈ u β, which implies K 0 (α 1 )(x) = ξ p · x and allows one to finish the proof in the same manner as above.
Main theorem
The following insight due to Dadarlat forms the basis of our main result. See [22, 23] for details surrounding tracially AF C * -algebras.
We note that the equivalence (i)⇔(ii) is actually proved in Dadarlat's work, whereas the equivalence (ii)⇔(iii) follows from the simple fact that any C * -algebra as in (ii) is automatically monotracial. We will only use the equivalence (i)⇔(iii) in the sequel. (i) The UCT holds for every separable, nuclear C * -algebra; (ii) if A is any separable, unital, simple, nuclear, tracially AF C * -algebra such that one has an order-isomorphism (K 0 (A), K 1 (A)) ∼ = (Q, 0), then A is isomorphic to the universal UHF algebra; (iii) the UCT holds for every separable, unital, simple, nuclear C * -algebra with a unique tracial state.
The following arises as an application of the recent advances in the structure theory of simple C * -algebras. This should be understood as a monotracial variant of the Kirchberg-Phillips O 2 -absorption theorem [21] . Theorem 2.2. Let A be a separable, unital, simple, and nuclear C * -algebra. Then A has a unique tracial state if and only if A ⊗ W ∼ = W.
Proof. As W is Z-stable, one has A ⊗ W ∼ = (A ⊗ Z) ⊗ W, and hence we may assume that A is Z-stable.
Let us show the "if" part. We may assume that A has tracial states. For if A is traceless, then it is a Kirchberg algebra -see [33] -and thus A ⊗ W ∼ = O 2 ⊗ K by Kirchberg-Phillips classification [28] as this tensor product is a KK-contractible, non-unital Kirchberg algebra. If A has more than one trace, then this immediately gives rise to distinct tracial states on A ⊗ W, so it cannot be isomorphic to W, which has a unique trace. Thus A is indeed monotracial.
For the "only if" part, we assume that A is monotracial. As it is also Z-stable by assumption, it follows from the main result of [36] that A has finite nuclear dimension. In particular, the tensor product A ⊗ W also has finite nuclear dimension. But then it follows from [11, Theorem 7.5] that A ⊗ W is classifiable. As it is KK-contractible, has a unique tracial state and no unbounded traces, it must be isomorphic to W.
We now come to the main result of this note, which is a finite analog of [4 
Proof. The implication (i)⇒(ii) is obviously trivial.
(ii)⇒(i): Suppose that the UCT fails for some separable, nuclear C * -algebra. Then by Theorem 2.1, it fails for a separable, unital, simple, nuclear C * -algebra A with a unique tracial state. There exists a natural short exact sequence
. In particular, we may choose p ∈ {q 1 , q 2 } and assume that A ∼ = A ⊗ M p ∞ .
Let γ : Z p W be the action from Proposition 1.5. Then the UCT fails
So if use this identification and set α = id A ⊗γ : Z p A ⊗ W ∼ = W, then we get that
does not satisfy the UCT. Clearly α is strongly outer and approximately representable as γ had these properties. This finishes the proof.
Let us now explain how Theorem 2.3 is a priori stronger than our previous characterization of the UCT problem [4] Proof. Let α ′ : Z p W be an action. It is well-known that the unital inclusion C ⊂ O ∞ is a KK-equivalence; see [8] . 
for j ∈ Z p , where j = 0, . . . , p − 1 with j = j + pZ. Note that this yields the formula Ad(
Let us consider the family
Then we obtain a cocycle action (β ′ , w) :
By definition, β is exterior equivalent to (β ′ , w). It is also immediate from the construction that β ′ fixes elements in 1 O 2 ⊗K pointwise, and that the family {w i,j } commutes with 1 O 2 ⊗ K. Hence (β ′ , w) restricts to a cocycle action 
To summarize, the action β is equivalently Morita equivalent to δ, and on the level of crossed products we obtain
The claim now follows when we combine all steps so far. The second part of the statement follows as the class of all outer and/or approximately representable actions is invariant under tensoring with id O∞ and under equivariant Morita equivalence; see [3, Propositions 3.14 and 4.23] for details.
Remark 2.5. It is unclear whether there is any direct formal converse to Remark 2.4. In any case, it is not hard to see that the assignment α ′ → α ′ ⊗id O∞ for outer actions α ′ : Z p W does not remember all the dynamical information. In fact, let us briefly sketch how to obtain two non-cocycle conjugate actions the images of which become cocycle conjugate under this assignment. Consider γ to be the action constructed in Proposition 1.5.
Similarly as in the proof of Proposition 1.5, we may consider D to be the C * -algebra in C 0 R with continuous scale, K 0 (D) ∼ = Z[ 1 /p, ξ p ], and two extremal tracial states τ 0 and τ 1 . By Robert's classification, there exists β ∈ Aut(D) satisfying K 0 (β) = ξ p · and τ i • β = τ 1−i . This allows one to run the rest of the argument in the completely analogous fashion (or to proceed as suggested in Remark 1.6), and obtain an approximately representable action δ : Z p W with W ⋊ δ Z p ∼ = D. Clearly γ and δ are not cocycle conjugate as their crossed products are non-isomorphic. In fact, they have KK-equivalent crossed products, but γ is strongly outer while δ is not.
However, the actions γ ⊗ id O∞ and δ ⊗ id O∞ can be identified with approximately representable actions on W ⊗ O ∞ ∼ = O 2 ⊗ K whose crossed products are isomorphic. Since the dual actions act the same way on Ktheory, namely via multiplication by ξ p on the K 0 -group Z[ 1 /p, ξ p ], these actions turn out to be cocycle conjugate; see [15, 16] .
We end this note with two questions, which are motivated by analogous known problems about the Cuntz algebra O 2 . 
